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RECOVERING DIRAC SYSTEM WITH SINGULARITIES IN 

INTERIOR POINTS 

O. Gorbunov and V.Yurko 

Abstract. We study the non-selfadjoint Dirac system on a finite interval having non- 
integrable regular singularities in interior points with additional matching conditions at these 
points. Properties of spectral characteristics are established, and the inverse spectral problem is 
investigated. We provide a constructive procedure for the solution of the inverse problem, and 
prove its uniqueness. Moreover, necessary and sufficient conditions for the global solvability of 
this nonlinear inverse problem are obtained. 

Key words: differential systems, singularity, spectral analysis, inverse problems 

AMS Classification: 34A55 34L40 34A36 47E05 


1. Introduction. Consider the boundary value problem L = L{Qi^{x), Q{x), a, /3) for the 
Dirac system on a finite interval with N regular singularities inside the interval: 


BY'+ (^Q^{x) + Q{x)^Y = XY, 0 < x < vr. 


( 1 ) 


where 


(cosa, sinQ;)K(0) = (cos/3, sin/3)y(7r) = 0, 


Y{x) 


yi{x) \ 
y2{x) ) ’ 


B 



qi{x) q 2 {x) \ 
q 2 {x) -qi{x) ) ’ 


( 2 ) 


Qaji^x'j Q, 


(fc>, 


X) = 




x-^k 
Here 0 < 71 < 72 < 


sin 2r]k cos 2//^ 
cos 2r]k sin 2//^ 

• ^ 7v ^ , (jjp 

I5 — I5 7i/2 = 7o = 0, 7Ar+i/2 = 7v+l = TT , 
are complex numbers. Let for definiteness, a. 


for X e oJk+i/2 U 7fc+i/2, k = l,N . 

= (7p, 7p+i), 7fc+i/2 = (7fc+i + 7fc)/2, k = 
qj{x) are complex-valued functions, and qik 
/3, r]k e [-7r/2,7r/2], Re/Xfc >0, Hk + 1/2 ^ 

N 


N. Let qj{x) be absolutely continuous on [0,7r] and \qj{x)\ n |a;_7^|-2i?ep, ^ L{Q,Tt). If 

k=l 

Quj{x), Q(x), a, l3 satisfy these conditions, we will say that L E W. 

In this paper we establish properties of spectral characteristics and investigate the inverse 
spectral problem of recovering L from the given spectral data. We provide a constructive 
procedure for the solution of the inverse problem, and prove its uniqueness. Moreover, necessary 
and sufficient conditions for the global solvability of this nonlinear inverse problem are obtained. 

Differential equations with singularities inside the interval play an important role in various 
areas of mathematics as well as in applications. Moreover, a wide class of differential equations 
with turning points can be reduced to equations with singularities. For example, such problems 
appear in electronics for constructing parameters of heterogeneous electronic lines with desirable 
technical characteristics [l]-[3]. Boundary value problems with discontinuities in an interior 
point appear in geophysical models for oscillations of the Earth [4]. Differential equations with 
turning points arise in various physical and technical problems; see [5] where further references 
and links to applications can be found. We also note that in different problems of natural 
sciences we face different kind of matching conditions in singular points. 

The case when a singular point lies at the endpoint of the interval was investigated fairly 
completely for various classes of differential equations in [6]-[10] and other works. The presence 
of singularity inside the interval produces essential qualitative modifications in the investigation 
(see [11]). 

A few words on the structure of the paper. In section 2 properties of spectral characteristics 
are studied. For this we use the results from [12] where special fundamental systems of solutions 
are constructed with prescribed analytic and asymptotic properties. In section 3 we provide 
a constructive procedure for the solution of the inverse problem, and prove its uniqueness. 
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Necessary and sufficient conditions for the global solvability of the inverse problem are presented 
in section 4. 

2. Properties of the spectrum. System (1) has non-integrable singularities at the points 
'jk , hence it is necessary to reguire additional matching conditions for solutions on the intervals 
Uk-i and Uk ■ We will do it as follows. It was shown in [12] that for x G Uk-i U Uk there exist 
a fundamental system of solutions A), S 2 ^\x,X)) such that 

Si^\x, A) ~ (x - ( d ) ’ ~ “ XkT'^ ^ ^ for a; ^ 7^. 


where coiCo 2 = 1- Let Y{x, A) = ai(A)S'|^^(a;, A) + a 2 (A)S' 2 ^^(a;, A) be a solution of system (1) 
for X G cok-i ■ Then we put by dehnition 

Y(x, A) = ai(A)5f^(a;, X)A^’^\X) + a 2 (A)^f^(a;, X)A^’^\X), 

for X ^ Uk , where is a hxed given transition matrix for 7 ^ . For example, if 2 l^^^(A) = 

/ ( / is the edentity matrix) and Q{x) is analytic at 7 ^ , then this continuation of the 
solution coincides with the analytic continuation through the upper half-plane Imx >0. If 


AlW(A) = 


g2i7r/ij. g 


, then it corresponds to the analytic continuation through the 


0 g-2i7r/ifc 

lower half-plane Imx < 0. 

Let S{x, A) = {Si{x, A), S 2 {x, A)) be the fundamental matrix for system ( 1 ) with the initial 
condition S'(0, A) = I and with the above mentioned matching conditions. For dehniteness, 
everywhere below 2 l^^^(A) = I, k = 1, N . The construction of this fundamental matrix can be 

described as follows. If X ^ UqUui , then we put S{x, A) = S^^'^{x, A) A)') ; moreover, 


if a; G cui , then A) = y)c'(b(A). pix xi G cui . Then A) (^^(i>(0, A)) = 

^<2>(a;i,A)C'<L(A) , i.e. 

S{x, X) = S^‘^\x, X)(^S^‘^\xi, X)^ A) A) j , a; G cui. 

Analogously, one gets for x E Uk '■ 

S(x,A) = S<‘+‘l(x,A) |^n(s«+‘>(a:„A))'L«>(a:j,A)j (Sl'>(0,A))-‘, XjGoj,. (3) 

Lemma 1. For x E Uk and |A(a; — 7 fc)| > 1 , 


A) = e 


i\x 


' i -1~ 
1 i 


' ^ r“ 
1 

1_ 

k 

) + ^ sin 

—i 1 

1 i 


(k) 

L J 

(F j=i 



(k) 


n m ~\ / \ 

(aij) := { aij + 0(\X{x - 'yk)\~‘') ] , z/= min{l, 2Re/ii, 2Re/i2, ..., 2Re/iAr}, 

^ V ^ ^ / i,j=i 


I = 


1, arg A G n„i U Hi, 
-1, arg A Gilo, 


, Life — < A 


, , 5k-3 5k+ 3 


, A; = 0, ±1. 


We prove the lemma by induction. According to [ 12 ], the matrix {x, A) can be represented 
by S'^^^(a;, A) = E^^^x, X)/3^^\X), where E^^\x,X) is the Birkhoff-type fundamental matrix, 
and /3^^\X) are Stockes multipliers. 

Let a; G cuo • Then S{x,X) = S^^\x, X){S^^\0, X))~^ and (see [12]) 


A(a;,A) 


1 


e*^")[i](i) + e-'^")[f](i) e*^")[-l](i) + e-'^")[l](i) \ 

[ 1 ] ( 1 ) + [- 1 ] ( 1 ) [f] (p -f [i] (p ) 
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Suppose that the assertion of the lemma is true for x G Uk-i ■ Let us prove it for x E Uk ■ It 
follows from (3) that for x E Uk , 


Six,\) = S^^\x,\)iS^^\xk-i,\))-^Sixk-i,\). 


(4) 


We hud the asymptotics for S^^'^{x, \){S^^'^{xk-i, \)) using the asymptotics from [12], Denote 
1 + — i{k)^ X > 'yk , and l~ = m~ = for x < jk ■ One has 




— g-*A(x-7fc)+i% 


—t —I 

1 1 


+ e' 


i\{x-^k)-irik 


J(fc) 


I —I 
1 -1 


H{e 




(fc) 




X e 


-iA(xfc_i-7fc)+i% 


-i 1 
-i 1 


+ e' 




J(fc) 


i 1 
-i -1 




J (fc>. 


0 


where H{z) = [ ^ ) , and T is the sign for the transposition. Since BH{z)B"’" = H{z 


and B/3^^'^B'^ = j3^'^ , it follows that 

S^'^\x,\)B{s^^\xk-i,\)YB'^ = L-iH^-Zk)+ivk 


—i —i 
1 1 


H{e 


2i7r^t.(m+—m )', 


J(fc) 


+e 


X g-U(a;fc_i-7i.)+i% 


2iX{x-'yk)-irik 


I —I 
1 -1 


H{e 


i-K kik(l'^—2m' 


1 f 
— 1 —i 


+ e 


(k) 


iX(xk-i-zk)-im jy[ (^Q-™k-ki 


■')) 


(fc> 


-1 f 
-1 i 


{k). 


-1 


Taking the relation = (4i cosTT/i^) ^ into account, we calculate 

1 


4i cos TT/ifc 
1 

■f —T- ( 

4* COSTT/ifc 

1 

4i cos TT/ifc 


„-iA(x+a;fc_i- 27 fc)+ 2 i» 7 i. 


„-a(x-a;fc_i) 


^iA(a;-Xfc_i) 


^iA(a;+Xfc_i-27fc)-2i% 


2isin ^27r/ifc(m“ — m’*') 

2 cos + 2m“ — 2m’'“) j ^ 

2 cos + 2m^ — 2m“) 

2sin (niJ,k{l~ — + 2m~ — 2m’'") 


—i 1 
1 i 

i 1 
1 i 


(k) 


(k) 


i —1 
1 i 


4i COSTT/ifc 
Consider three cases ; 

1) If A G Hi , then m~ = 1, m+ = 0, /“ = —1, = 1, and 

-1 


J(fc) 

-i -1 
-1 i 


(k) 


S^’^\x,X){S^>^\xk-i,\) 


= sin(7r/ifc)e’ 


■i\{x+Xk-i-2'yk)+2irik 

' -i 1' 

_|_ ^ -iX{x-Xk-i) 

r « n 


1 i 

2i 

(k) 

1 - 

1 

<?*. 

1 _ 


J (fc) 
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i\{x-xu-\) 


i -1 
1 i 


+ e 


iA(x+a;fc_i- 27 fc)- 2 ir)fc 


(k) 


0 0 
0 0 


(k) 


2) If A G n_i , then m =0, m'^ = —1, I = —1, = 1, and 




-1 


= sin(7r/ifc)e 
1 


■i\{x+Xk-i-2^k)+2irik 

1 

1 

. 

_|_ ^ p-iH^-Xk-l) 

i 1 


L 1 

2i 

(k) 

—1 i 


J (fe) 




i —1 
1 i 


+ e 


i\{x+Xk-i-2'yk)-2irik 


(k) 


0 0 
0 0 


(k) 


3) If A G IIo , then m =0, m'^ = 0, / = 1, = —1, and 


\ ^ _ p-iK^+Xk-l-2'yk)+2ir]k 

■ 0 

0 ■ 

1 

i 1 

J 

0 

0 

ik) 2 . 

1 - 

1 

<s>. 

1 _ 


(k) 


^i\(x-Xk-i) 


2i 


i -1 
1 i 




(k) 


-1 

i 


(fc> 


Since Xk-i < jk, x > jk , it follows that x + Xk-i - 27 ^ = x- Xk-i + 2{xk-i - Ik) < x- Xk-i , 
X + Xk-i — 27fc = Xk-i — X + 2{x — 7 fc) > Xk-i — x , and the exponentials g^ow 

not faster than , Thus, 


2i 



I ^ = - 

' 2i 


i -1 
1 i 


J(fc> 




—i I 
I i 


{k) 


Substituting this asymptotics into (4), we get 


1 

-S£ 

1 

T—1 1 

■ f -1 ■ 

_|_ J_ g-*A(a;-Xfc_i) 

i 1 ■ 

\^2f 

1 i 

(k) 2* 

—1 i 




-i I 
I i 


(k), 


2i ^ 


i\xk—\ 


i -1 
1 i 


(k) 


(k-i) 


'2i ^ 


iXxk—\ 


i 1 
T i 


k-l 


-i I 
I i 


J (fc-i) L ^ j 

Since 0 < Xk-i < x, it follows that 0 < 2xk-i < 2x, —x < 2xk-i — x < x, and 
grow not faster than . Therefore 


1 

— 

i —1 

+ — 

i 1 

2i 

1 i 

(k) 2^ 

—1 i 


fc-i 


-^sin(7rpj)( 




2i 

1 


i=i 

fc-i 


2i 


:^sin(7rpj) 


'^^-i\{x-Xk-i)-liX{xk-i-2'ij)+2lir]j 


( 1-0 

(1 + /) 


i=i 


(fc> 

1 —i 
-i —1 

1 i 
i -1 


(k) 


(k) 
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Tsin(7r/ifc)e 


iAa;fc_i-iiA(a;+Xfc_i-27fc)+2ii% 


2i 


_gjj^^^^^^g-*Aa::fc_i-/iA(x+a;fc_i-27j.)+2«i»7fc 

2% 


k-l 

sin(7r/ifc) 

i=i 


(1 + /) 

1-1 

1 

1 



(fe) 


0 0 
0 0 


J(fc) 


Let I = —1. Then 


^(x, A) = - 


i -1 
1 i 


k-l 


t=i 


-i -1 
-1 i 


(k) 

k-l 


^2^^ 


—iXx 


i 1 
-1 i 


(k) 


(k) j=i 


+e 


2iXxk_i+iXx—2i\^ls—2ir]k 


0 0 
0 0 


+ sin(7r/ifc)e 


iXx—2iX'yk —2ir]k 


(k) 


1 —i 
-i -1 


0 0 
0 0 


(fc> 


(fc> 


fc-1 


+ Y^ sm{TTfj,k) sm{TT 


-l-27fe-27j)-4i»;j 


i=i 


0 0 
0 0 


(k) 


This yields 
S(a:,A) = i(e“* 


' i 

1 i 


i 1 ■ 
-1 i 

k 

1 

L 1 

1 

_ 1 


(k) 


(fc)^ 7^1 

L “ J 


(k) 


The case / = 1 is treated similarly. Lemma 1 is proved. 
The following assertion is proved analogously. 
Lemma 2. For x E Uk and |A(a; — 7 fc)| > 1 


d 


5(a;,A) 


X 

Yi 



E 

i=i 


{x - 27 ,-) 


(fc> 


Definition. A function Y[x, A) is called the solution of system (1), if there exist constants 

N 

C'i(A), C' 2 (A) such that F(a;,A) =C'i(A)Ei(a;,A) + C' 2 (A)E 2 (a;,A), a; e (0, vr) \ J {dfc}- 

k=l 

We introduce the functions 

tf{x,X) = (^ipi{x,X), (f 2 {x,X)'^ = S{x,X)V{a), V{a) = (Vi{a),V 2 {a)'^ = 

^W=(i:;(A) ijA))=’"L«S(..A)l/(a). 

ij{x,X)= (^iJi{x,X), ij 2 {x,X)^ = S{x,X)S~^{7r,X)V{/3). 

Clearly, ip(x, A), ipix, A) are fundamental matrices for system (1). Denote {Y, Z) := Y^BZ. If 
Y{x, X), Z{x, X) are solutions of system (1), then {Y{x, X), Z{x, X)) := det{F(a;, A), Z(a;, A)} 
is their Wroskian. Obviously, 


/ cos a — sin a 
y sin a cos a 


(y>2(a:, A),992(a:, A)) = -Ai2(A). 


(5) 
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A number Aq is called an eigenvalue of problem (1)-(2), if there exist constants Ai, A 2 ( |Ai| + 
IA 2 I > 0 ) such that the function AiS'i(a;, Aq) + A 2 S 2 {x, Aq) satishes the boundary conditions 
( 2 ). 

Lemma 3. Zeros of Ai 2 (A) coincide with the eigenvalues of the boundary value problem 
(l)-(2). If Aq is an eigenvalue, then (p[x,\q) and %1 )[x,\q) are eigenfunctions, and %Ij{x,\q) = 
hog:){x, Aq) . 

Froo/. 1) Let Aq be a zero of Ai 2 (A), i.e. Vf-{II)S{TT,\Q)V 2 {a) = Therefore, 952 ( 2 ^, Ao) = 
Ao)V 2 (q;) is an eigenfunction, and Aq is an eigenvalue. It follows from (5) that <^ 2 ( 2 ^, Aq) 
and 'ip 2 {x,Xo) are linear dependent. 

2) Let Aq be an eigenvalue, and let Yq{x) be the corresponding eigenfunction. Since 
(filx, A), (p 2 {x, A) form a fundamrntal system of solutions, it follows that 

Yo{x) = Di(pi{x, \o) + D 2 (p 2 {x, Ao). Substituting this relation into the hrst boundary condition, 
we obtain DiVi {a)Vi{a) + D 2 V 1 {a)V 2 {a) = 0, hence Fi = 0 . Using the second boundary 
condition, we hnd iA 2 Ui^(/ 9 )v? 2 ( 7 r, Aq) = 0. Since Yq{x) ^ 0, one has iA 2 7 ^ 0, i.e. 

Vf"{/3)(p2{7i, Aq) = 0. Lemma 3 is proved. 

We note that the functions Ajk{X), j,k = 1,2, are the characteristic functions for the 
boundary value problems Ljk foe system ( 1 ) with boundary conditions. V^^^(q;)U( 0 ) = 
VJ'{I3)Y{ti) = 0. Denote 

$(a;. A) = (^<l>i(a;. A), $ 2 ( 0 :, A)), $i(a;. A) = A), $ 2 ( 2 :, A) = <^ 2 ( 2 :, A). 

It follows from (5) that det <h(a;. A) = 1. The functions $ 1 ( 0 ;, A), $ 2 ( 2 ^, A) are called the Weyl 
solutions, and the matrix 07t(A) := U 2 ^(A)<hi( 0 , A) is called the Weyl matrix for the problem 

(l)-(2). 

Lemma 4. The following relations hold 


^{x,\) = ip{x,\)M{\), where M(A) 


1 0 

im(A) 1 


, im(A) 


An(A) 

Ai2(A) 


Only formula for $ 1 ( 0 ;, A) is needed to be proved. Let 
<hi(a;. A) = Di{X)ifi{x, A) + D 2 {\)if 2 {.x, A). Then 

-(Ai 2(A))-V2(0, A) = Di(A)Ui(a) + D2(A)U2(a). (6) 

Multiplying (6) by Uj^(q;), we infer —(Ai2(A))“^U/’(q;)'^ 2(0, A) = iAi(A). Since 

Ui^(a)^2(0,A) = V^{a)B^S^{n,\)BV2{(3), 

it follows that Uf^(Q;)'^2(0, A) = —Vff'{l3)S{'K,\)V2{o) = —Ai 2 (A), i.e. Di(A) = 1 . Multiplying 
(6) by we hnd iA 2 (A) = V2^(Q;)<hi(0, A) = 07t(A). Taking the relation V^^(q;)'^2(0, A) = 

All (A) into account, we obtain the assertion of the lemma. 

Thus, 07t(A) is a meromorphic function; its poles coincide with the eigenvalues of L, and 
its zeros coincide with the eigenvalues of Ln . 

Lemma 5. For x E Uk and |A(a; — ■yk)\ > 1, |A(a; — 7 ^+ 1 )| > 1, one has 


(p{x,X) 


1 

Yi 



iXx-\-i(y 


+ e 


—iXx—ia. 


J (k) 




k 

+ ^^sin TT/ijC 
j=i 


■ilX{x—2'yj )-\-2ilr]j —ila 


—i 

I 


I 

i 





(7) 
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Mx, A) =-( 

2i 


i 1 
-1 i 


+ e 


N 


(fc+i) 

—ilX(x+7r—2'yj )-\-2ilr]j —il(3 




j=k+l 


—iA(7r—x)+i/3 

-i —I 
-I i 


i —1 
1 i 


-I (fc+i>. 


J (fc+i) 


( 8 ) 


Indeed, since (p{x,\) = S{x, \)V{a) , relation (7) follows from Lemma 1. To prove (8) we 
make the substitution x ^ tt — x and repeat the arguments. 

Taking the relation A(A) = V{l3)ip{7r, A) into account we arrive at the following assertion. 
Corollary 1. For the characteristic function Ai 2 (A), the following asymptotics holds 


A 


1 


12 


— _g-*(-^’r+«-/3) |■]_j_.g*(^7r+«-/5) [ 


N 


2^ sm TipjC 
i=i 


—il\('n-—2'yj )+il(2r/j —a—0) 


[1]: (9) 


where 


■—{akj + 0{\X\ '') 


k,j=l 


for |A| —)■ cxD 


By the well-known method (see for example [14-151) one obtains the following properties: 

1 . Ai2 (A) = . 

2. All eigenvalues Xk, /c G Z of the problem (l)-(2) lie in the strip |/mA| < h. 

3. Let Na be a number of eigenvalues in the rectange 

IA I ReX G [a, a -|- 1), |/mA| < h|. Then Na is uniformly bounded. 

4. Denote = {A : |A — A^l > 5 V/c} . Then |Ai 2 (A)| > for A G Gs- 

5. For sufficiently small <5, there exists a sequence —)■ cxd such that the circles T^ = 

A : |A| = i?„| lie in Gs- 

6. Let be zeros of the function 


A?2(A) 


]_ -i{\iT+a-0) 

2z 


J_ i(A7r+«-/3) 

2z 


N 

+1 sirnipjC 
i=i 


■ilX(7T—2''yj )-\-il{2r]j —a— 


( 10 ) 


Then Ae = A» + 0(|A»|-''). 

For simplicity, we conhne ourselves to the case when all eigenvalues of L are simple, i.e. 
the function Ai 2 (A) has only simple zeros. In particular, it is always true for the self-adjoint 
case. Denote Ok := Res OJl(A). The data {a^, are called the spectral data for L. 

X A/j 

The inverse problem is formulated as follows. 

Inverse problem 1. Given {ok, Xk}f^_^, construct L, i.e. Q{x), Qu){x), a, /3. 

In Sections 3-4 we give an algorithim for the global solution of this nonlinear inverse problem 
and provide necessary and sufficient conditions for its solvability. 

Lemma 6. Let 91t‘’(A) be the Weyl function for the problem LP of the form (l)-(2) but 
with the zero potential Q{x) = 0. Then 


+ 00 


OJl(A) = 9Jl°(A) + 


k=—oo 




A — At 




+ 00 


V = lim V 

( ^ n.— ^ 


Proof. Consider the integral Jn{X) = -—: 


k=—oo 

e-A 


|Afc|<R„,|A0|<R„ 


df , X E int F„ . Using lemmas 


4-5 and Corollary 1, we obtain T)T(.^) — for G G^, and consequently, 

Jn{X) —)■ 0 as n —)■ cxD. On the othe hand, by residue’s theorem. 


J„(A) = Rj|—— + 




|A|<i?„,|A0|<R„ 


911(0 


9110(0 


Res . — Res . ^ 

«=Afc ^ - A ^=xl f-X 



hence 


J„(A)=9Jl(A)-0Jt°(A)+ 

If n —)■ cx), we arrive at the assertion of the lemma. 

Together with L we consider a boundary value problem L of the same form (l)-(2) but 
with different Q{x), Qaj(x) , a, /3 . We agree that if a certain symbol v denotes an object 
related to L, then v will denote an analogous object related to L. 

Lemma 7. If \k = \k for all k, then Ai 2 (A) = Ai 2 (A). 

Proof. The functions Ai 2 (A) and Ai 2 (A) are entire in A of exponential type. Using 
Hadamard’s factorization theorem, we get Ai 2 (A) = e“^’''^Ai 2 (A). Let us show that a = 
0, 6 = 0. In view of (9), 

1 1 ^ 

—e-*(A^+“-/^) [1] - = 

i=i 



1 

2i 


N 


.g-i(A^+a-/3)+aA+bj^| _ _gi(A7r+a-/3)+aA+bj^| + ^siUTT/i^e 


—ilX{7T—2^j)+il{27]j —Q—/?)+aA+6 


2i 


[/]. ( 11 ) 


1=1 


Let X = a + ir. If r = 0 and a +cxd, then the right-hand side in (11) is bounded; hence 
i?ea < 0 ; for r = 0 and a —)■ —oo, we get Rea>0, i.e. Rea = 0. Furthermore, the right- 
hand side in (11) is 0(e“^™'^'^), but the left-hand side is for r < 0. For 

r —)■ —oo we have Ima <0. If r > 0, then it follows from (11) that 0{e'^'^) = 0(e’^'^“^™'“'^). 
This means that Ima > 0, i.e. Ima = 0. Thus, a = 0. Similarly, one gets that 6 = 0. 
Lemma is proved. 

Corollary 2. If A^ = Xk for all k, then A° 2 (A) = A52(A), i.e. a — (5 = a — (I, '-)k = lk-, 

. Here A5’2(A) is defined by (10). 

Lemma 8. If a - a = ft -^(3 = rjk - rjk, /ifc = hfc, 7fc = Xk, k = 1,N and Q{x) = 
Q(x)V^(a — a), then 9H(A) = 97t(A) . 

Proof. Denote 6 := a — a = jl — jl = rj^ — rj^ . Let us show that if Y{x, A) is a solution 
of (1), then Y{x,X) = V{—S)Y{x,X) is a solution of (1) . Indeed, substituting V{6)Y{x, X) 
into (1), we obtain 


BV{S)Y\x, A) + (q{x) + Q^{x)'^V{6)Y{x, A) = XV{S)Y{x, A). 


Multiplying by V'^{6) = V{—S) and taking the relation V'^{S)Q{x) = Q{x)V{S) into account, 
we get 

BY'{x, A) + (g(a;) + QUx))v\5)Y{x, A) = XY{x, A). 

One has U(—6)S'(0, A)U((5) = I. Since the Cauchy problem has the unique solution, we infer 
5(a;,A) = U(-6)^(a;,A)U(6). Then A{X) = V^0)V{-5)S{tt, X)V{5)V{a) or 

A(A) = V^0 + S)S{7r, A)U(6 + 5). 

This yields Ajk{X) = Ajk{X). Lemma is proved. 

3. Solution of the inverse problem. Let us hrst prove the uniqueness theorem. 
Theorem^l. If T)t(A) = 91t(A), then a-a = /3-/3 = rj^-rik, iik = Pk, Xk = Xk, k = l,N 
and Q(x) = Q(x)V^(a — a). 

Proof. By virtue of lemma 8, it is sufficient to prove the theorem for the case ft = P = 0. 
Consider the function P{x, A) = <h(a;, A)<h“^(a;, A). 
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Since 07t(A) = 9}t(A), it follows thaty these functions have the same poles. In view of 
lemma 7, one gets Ai 2 (A) = Ai 2 (A). By corollary 2, a = a, jk = Ik-, = 

sinvr/Ifce*^^^^''”"^. This yields 

A) - ip(x, X) = 0(el'”'^l"|An, ^(i, A) - iix, A) = 0(el"“"l''-*>|A|-‘'). (12) 

Since $i(a;, A) = —(Ai 2 (A))“^'^ 2 (a^, A), it follows that 

$i(a;,A) = 0(e-"l"”^^l), A G G 5 . (13) 


Taking (12) into account, we infer 


$i(a;, A) - $i(a;, A) = 0(e-"l^”^^l|A|-"), A e 


(14) 


Obviously, P{x, A) — / = (<h(a;. A) — <l>(a;, A))i?$(a;, Using (12)-(14), we obtain for A G 

G 5 : 


P(a;,A)-/=|A|- 


(^(g-|/mA|a;) Qf^^lImXlxX^ 
(9(g-hmA|a;) 


Ql^^lImXlx-^ Q^^\ImX\xX^ 
(9(g-hmA|a;) Q(^^-\ImX\xX^ 


= o(iAr 


_ (15) 

Since <h(a;. A) = 99 ( 0 ;, A)M(A), we get P{x,\) = (p{x,\)M{\)M~^{\)ip~^{x,\), or P{x,\) = 
(p{x,\)ip~^{x,\). Therefore, P{x,X) is entire in A. Using (15), maximum modulus principle 
and Liouville’s theorem, we conclude that P{x,\) = I, i.e. <h(a;. A) = <h(a;. A). Then Q{x) + 
Qu){x) = Q{x) + Qci{x), and consequently, Q(x) = Q(x), Quj(x) = Q^(x). Theorem is proved. 


Corollary 3. If ak = ak, Xk = Xk for all k, then L = L. 

Corollary 4. If A^^^^ = A^^^\ Xk = Xk for all k, then L = L. Here and 

are eigenvalues of Ln and Ln , respectively. 

Indeed, according to lemma 7, Ai 2 (A) = Ai 2 (A). Analogously, we obtain Aii(A) = Aii(A). 
By lemma 4, 9Jt(A) = 911(A). 

Let us now go on to constructing the solution of the nonlinear inverse problem 1. The 
central role here is played by the so-called main equation of the inverse problem, which is a 
linear equation in the corresponding Banach space. Let us derive the main equation. 

Let the problem L with a simple spectrum be given. We choose a model boundary value 
problem L with a simple spectrum such that u = u, Quj{x) = Qlo{x) and 


+ 00 

A ;= ^ \ak\^k<oo, ^k ■= \Xk-Xk\ + \a'^^ak-l\. (16) 

k=—oo 


For definiteness, we assume that a = a = 0. Then jS = jS. Denote := {x : x G 

(0, '/r), \x '^k\ ^ ^ 7 ^kO ^k-) ^kl ^k-) ^kO ^k-) ^kl ^k 7 

^ - kl = l,2, Dg>(i,A) = D<=>(i,A,A»,), 

^ (x, A-n,!, AfcjAfcj), ^2,kj(^^^ (^5 A/j^j), 

where {Y^Z) := det(F, Z) = Y^BZ. Analogously we define A, 6*), A) and 

Pni,kj {Y). 

Lemma 9. For x ^Vte A on compact sets, 

(i)| < C(1 + |A“|)”, I4”i(x) - ^<y„(i)| < C&(1 + |A»|)”', m = 0,1, (17) 
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"'ll - 1 + |^_ A°| ’ 1-°“ “ oflix, A)omI < ^ ^ 

|(5g>(a:, A))'| < C, \{d'S{x, A)om - 5fi>(x, A)<J„)'| < C|o„|&. 


(18) 


T/ie same estimates are valid for (p 2 ,kjix), D^^j{x,X) . 

In order to prove the lemma, we need the following generalization of Schwarz’s lemma: 

Let the function f{z) be analytic inside the circle \z — Zo\ < R and continuous in the whole 
circle. Moreover, \f{z)\ < C on the boundary, and f{zo) = 0. Then \f{z)\ < C\z — zo\/R in 
the circle \z — zq\ < R . 

1) It follows from (7) that 




(19) 


The eigenvalues he in the strip |/mA| < max{h, h} ; it follows from (19) that (a^)l < 

C{1 + \Xkj\)'^. Using (10), we obtain the hrst estimate in (17) for m = 0. 

Applying Schwarz’s lemma, we hnd \(p 2 {x,\) — ^ 2 ,ki{x)\ < C'el'^™'’'l’^|A — Afci|. Hence the 
second estimate in (17) holds (17) for m = 0. For m = 1, the arguments are similar. 

2) Since D^'^^{x, \, 6 ) = {X — 6 )~^{(p 2 {x, \))'^B(p 2 {x, 6 ), it follows from (19) for X 9 , |A| < 
R, \9\ < R that |Zl(a;, A, 6^)1 < U|A — 6^1“^ If X = 9, then D{x, X, X) = {lp 2 {x, X))'^Blp 2 {x, X), 

where ip 2 {x,X) = -^(p 2 {x, X). Using lemma 2, we obtain \(p 2 {x,X)\ < for x G 

Then |Zl(a;, A, A)| < U for |A| < i?. Thus, 

|^(a:,A,^)|< |A|<i?, \9\ < R. (20) 

Furthermore, (^^j{x, X),ip 2 {x, 9 )^ = {^J{x, X)yB(p 2 {x, 9 ) + ^J{x, X)Blp 2 {x, 9 ). Then 


^j{x,x),(p2{x,e)} = -{B^Ux,x))'^(p2{x,e) + ^J{x,x)B(p2{x,e). 


Since ^j ,^2 are solutions of the system, it follows that 


^j{x,X),(p 2 {x, 6 )) = {9 - X)^J{x,X)(p 2 {x, 6 ). This yields 

{D^^\x,X,9)y = -^J{x,X)lf2{x,9). 


( 21 ) 


Taking (21) and (19) into account, we arrive at the third estimate in (18). 


Using Schwarz’s lemma and (20), we infer \D^^q{x, A) — Dyf (x, A)| < 


b2>. 


U*|Aa;0 — Afcll 
1 + |A - A^l 


Since 


\Dko {x, X)ako - Diy {x, X)aki\ < \Diy{x, X){ako - aki)\ + \{Diy{x,X) - {x, X))aki\, 

one gets the second estimate in (18). Other estimates are obtained analogously. Lemma is 
proved. 

Similarly one can prove the following assertion. 

Lemma 10. For x E Lie o-nd X on compact sets. 


i(2>/ 


i(2> 


{ 2 >, 


1(2), 


\Pn.i.ki{xy 


C\aki\ 


\Pni,kl{py Pni,kQ{x)\ Fi 


n..,WI-i^|A0_A0| 

U|cifcl \^k 


, \PUkM<C\aky, 


1 + l-^n ~ -^fcl 


> l^ni,fcl(a^) - PUkoi^)\ <C\akl\^k, 
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\p„im(x) - Pn0M(x)\ < , \PUi.M) - PUi.M)\ s c-IohI^". 


i + iA2-A»r 


|-Pnl,/cl(^) Pnl,ko{,^^ PnO,kl{,^^ PnO,ko{,^^\ — 




1 + I'^n “ ^k\' 
~ ^nl.koi^) ~ PnO,koi^)\ — C\akl\^k^n- 

Moreover, if \ E Gs = : |A — A^l > 5, k E z|, then 

Cs 


^kO A)Ofco ^kl (^’ A)cifci| ^ C*5|flfcl|'Cfc 




l(l) 


|A-A 


fcjl 


r, l(Bff(x,A))'| <Cj, 


1 1 
+ 


|A-Afco| |A-A 


fci 


|(D^o (x, A)afco - D)^i{x, A)afci)'| < C^jafeil^fc, 
where C and Cs depend on e. The same estimates are valid for Pni,kj{x) 


i(i> 


Lemma 11. The following relations hold 

+ 00 


k=—oo 


^j{x,X) = ^j{x,X) + ^ (Djf^{x,X)ako^2,koix)-Djf^{x,X)aki(p2,kii^)):j = ^:‘^: ( 22 ) 


the series eonverge absolutely and uniformly for x E and A on eompaet sets without the 
speetra of L and L. 

Proof. Consider the function P(a;, A) = A)<h“^(a;, A). Denote 

Ux,\) = ^4zJ^ ^(P(a;,0-/)c^e, r„:={A ; |A|=P„}. 

The functions $(a;, A) and $(a;, A) have the same main term in the asymptotics. Therefore, 
for a hxed a; 7 ^ 7 ^ , one has P{x,f) — I = 0(|.^|“'^), and Jn{x, A) —)■ 0 as n —)■ cxd uniformly 
in A on the compact sets. Integration on T^ is divided into integration on the contours 
Tn^ = Tn^ljr^f^, (with counterclockwise circuit), where = {A : 

|/mA|<h}nr„, =r„\r(f> = {A : |/mA|>h}nrn, ri''> = {A : |/mA| = h}nmtr„ . 

Let A G intTn . By the Cauchy integral formula. 


27ri C — a 


(^P{x,0 -l)d^ = P{x,X)-L 


Clearly, 


Then 


27ri yp(i> ^ — A 


P(a;,A) = / + 


Idf = 0. 


:P{x,f)df- Jn{x,X). 


2 m J^w A - ^ 

Since <h(a;. A) = ip{x, A)M(A), it follows that 

P(a;,0 = ip{x,0M{0M-\0T-\x,0 
= t{x, Ot~\x, 0 - (911(0 - 91t(0)<^(a^, 0B{i)(p~\x, f), P^p = 


(23) 


0 0 

-1 0 
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The function is entire in Therefore, 


since A is outside Tn^ . Thus, it follows from (23) that 

^) = ^ (»!K) - - Ux, A). 

One has <h(a;. A) = P(a;, A)$(a;, A), hence <hj(a;. A) = P(a;, A)<hj(a;, A). Then 
$j(a;,A) = $j(a;,A) “ WO - 3^(0)<^(P 0+ £n(p A), 


0 


and en{x, A) ^ 0 as n —)■ cxd uniformly for x E . Furthermore, 

B{l)^~\x,^)^j{x,\) = (^^I2{x,^)^2j{x,\) - ^22{x,0^1j{x,\)j ^ ^ 
and consequently, 

$j(a;,A) = $j(a;,A) - ^ J - dn{^))(^^j{x, \), (p2{x, ^)'^Lp2{x, + en{x, \). 

Calculating the integral by residue’s theorem and taking n —)■ oo, we arrive at (22). Lemma is 
proved. 

Consider (22) for j = 2 and A = Xni '■ 

+ 00 

V^m2,m(^) V^m2,n2(^) ^ ^ ^-Pn2,fco(^) V^m2,/co(^) -Pm,/cl(^)V^m2,fcl 5 ^ 1? 2, (^4) 

k=—oo 

where ^ 2 kj{x) = ( j ^ relation is not convenient for our purpose, since the 

V ^22,kj[X) J 

series converges only "with brackets". We trasform (24) as follows: 

+ OD 

V^m2,no(^) V^m2,nl (^) V^m2,no(^) V^m2,nl(^) ^ ^ -fnl,/cO (^)) (V^m2,/i;0 (^) V^m2,/cl(^)) 

k=—oo 

“l“(-PnO,/co(^) Pn l,/i;o(^) PnO^kliP) -fnl, kl (^) ) V^m2,/cl 5 

+ OD 

V^m2,nl(^) V^m2,nl(^) ^ ^ ^-Pril,/i;0(^) (V^m2,/i;0(^) V^m2,/cl (^))H“(-Pnl,/i;0(^) -Pnl,/cl(^))V^m2,/cl(^) 

k=—oo 


Denote 


^nO (^) Xn V^m2,no(^) V^m2,nl(^) )? Xn a —1 


0, -Cn — 0, .Tf{m) 


•Cn 7 'Cn 7^ 0, 


^nl (^) = ^m2,nl(a:), 


-^nO,/i;l(^) (-friO,/cO (^) -fnl,/co(^) PnO,k^i,^^ P -fnl,/;;! (^))Xp'5 

-^nl,/i;o(^) -Pnl,/cO(^)'C/iO Hnl,kl(,^^ -Pnl,/co(^) -Pnl,/;;! (^)• 
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Then 


Using lemmas 9 and 10, we obtain the estimates 




UtWI^C, |('tiT>(x))'| <C(1 + |A2|), 

^ C\aki\^k _ I ff/ /_N| ^ ri\„ 






The same estimates are valid for Hni,kjix) . Denote 


^{m)( ) ^ ( 'J'nO ( 2 ^) 

^ ^ I (^) 


= (,,,, *5, (x), *&>(x),*<T>(x), 'tff(x) 


Similarly we dehne the block-matrix 


H{x) = 


Then we rewrite (25) as follows 


HnO,ko(^^') -^nO,fcl(^) 


n,k=—oo 


= (I - H{x))^^^\x), m = l,2, (27) 

where / is the identity operator. It follows from (26) that ^^"^^( 0 ;), (x) G m for each 

hxed X 7 ^ 7 fc, k = 1,N, where m is the Banach space of bounded sequences. The operator 
H{x), acting from m to m, is a linear bounded operator, and 


II H (x) II m—Am <Usup 


1 + l-^n ~ -^fcl 


< U ^ lafcilCfc < 00 . 


For each hxed x, relation (27) is a linear equation in m with respect to 'F^™'^(a;). This 
equation is called the main equation of the inverse problem. 

Lemma 12. The following relation holds 


Q{x) = Q{x) -|- Bse{x) — se{x)B, 


^) = ((^kOT2M^)T2,koi^) - (^klT2,kli^)T2,kl(T 


where 


and the series converges uniformly for x Ekls- 
Proof. Differentiating (22), we calculate 


$'.(a;. A) = <l>'j{x, A) + ^ ({D^^{x, A))Vo<^ 2 ,fco(a:) + {x, X)ako<f 2 ,ko{x) 


-(^?i A))'afci<^2,fci(a:) - dI^^{x, X)aki<f2,ki{x] 

Multiplying this relation by B and using (21), we obtain 


XI - Q{x) - Quj{x)]^j{x, A) = (AJ - Q{x) - Quj{x)]^j{x, A) 
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+ 00 

+ {x, \)i:p2,ko{x)akoBip2,ko{x) + \)ako(^\koI - Q{x) - Qco{x)^^2,ko{^) 

k=—oo 

{x, \)(p2,kii^)(^kiBip2,kii^) - Bkl{x, \)aki (Xkil - Q{x) - Qu^{x)^(p2,ki{x )^, 
and consequently, 

+ CXD 

{Q{x) - Q{x))^j{x, A) + ^ {-^J{x, \)^2,ko{x)akoBip2,ko{x) + (x, X)ako(ho - X)ip 2 ,ko(^) 

k=—oo 


+^J{x, X)(p2,ki{^)(^kiB(p2,kii^) - D'j^l{x,X)aki{Xki - X)(p2,ki{^)) = 0 - 


Since D^^}{x,X) = 


$J(a;,A)5(^2,m(a:) 

— -----, it lollows that 


+ 00 


{Q{x) - Q{x))^j{x, A) + ^ ( - {^J{x, X)(p2,ko{x)ako}B(p2,ko{x) 


k=—oo 


-{^J{x, X)B(p2,ko{x)ako}<f2,ko{^) + X)ip2,kli^)(^kl}B^2,kli^) 

+{^J{x, X)Bip 2 ,ki{x)aki}(p 2 Mi^)) = 0- 

The matrices Q{x) and Q{x) are symmetrical. Then 

+ 00 

^^{x, A)|Q(a;) - Q{x) + ^ (^{ako^2M^)^2,koix) “ aki^ 2 ,kii^)^ 2 ,ki(^))^ 

k=—oo 


-B(ako‘f2M^)^2,koi^) - «fci9^2,fci(a:)v?Jfci(2^)))} = 0- 
Multiplying by A))“^, we arrive at (28). It follows from the estimate 

\ako^2M^)^2,koi^) - (^ki^2Mi^)^2,kii^)\ < \^2,ko{^)^2,koi^) “ ^2,fci(x)| ■ \akl\ 

+ \^2,kii^)^2,kA^'^\ ■ - «fci| < C\aki\^k 

that the series in (29) converges uniformly. Lemma is proved. 

Let us now study the solvability of the main equation. For this purpose we need the following 
assertion. 

Lemma 13. The following relation holds 

+ OD 

D(«(a:,A,9) = 5<2>(a:,A,9)+ (Sgla;, A)Dg>(a:. «Ko - 5f,>(a:, A)Bf,>(x, 9Ki), (30) 

k=—oo 

and the series converges uniformly for x E Qs o-nd X on compact sets. 

Proof. According to (23) we have for X, 6 E tI^^ : 

P{x, A) - P{x, ^ ( A^ ~ ^ 

where J„(a;, A, 0) —)■ 0 as n ^ oo uniformly for x E Qs and A, 6^ on compact sets. Therefore, 

^ (py X, A) - pyx, a)) ^ ^ p^(x, 0^+y (X. A, a). pi) 
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Since P{x,^) = ^{x,^) = —^{x, \)B^'^{x,^)B, it follows that 

^{x,\)P'^{x,^)B^2{x, 9) = -(^{x,\)B^{x,^)B^'^{x,^)B(f2{x,9). 

One has {y, z) = y'^Bz, and consequently, 

(^{x,\)P^{x,^)Bip2{x,9) = {(p2{x,\),(p2{x,^))(^^i{x,^),Lp2{x,9)'j 

-(^ 2 ( 3 :, A), $i(a;, 0)(<^2(a:, 0, <^ 2 ( 3 :, 9)). (32) 

Since ^<l>i(a;, A), 992 ( 2 ^, A)^ = 1 , (^v^ 2 (a^, A), 992 ( 2 ^, A)^ = 0, we infer 

(^{x,\)P'^{x,\)B(f2{x,9) = (^ip2{x,\),ip2{x,9)y 

^{x,X)P'^{x,9)Bip2{x,9) = (^^2{x,X),!f2{x,9)y 

Multiplying (31) by (^{x,X) from the left, and by B(p2{x,9) from the right, and using (32), 
we calculate 

(^<f2{x,X),^2{x,9y (^ip2{x,X),^2{x,9y I r {^ 2 {x, X), ^ 2 {x, ^)) (^<^i{x, , ip 2 {x, 9)^ 

X- 9 X- 9 27rf/rO) V {X - - 9) 


(P2{x, A), d>i(a;, m{ip2{x, 0, <^ 2 ( 3 :, 9)) 


(x-Oi^-o) - 

By lemma 4, <hi(a;, = (pi{x, + Vyt{^)(p 2 {x, ^). This yields 

(<^ 2 ( 3 :, A), <^ 2 ( 3 :, 9)) (^2{x, A), ^2{x, 9) 


di + J'lix, A, 9). 


X-9 


1 r \^2 {x,X),^2{x,0)\^2{x,0^^2{x,9) ) _ 

= ^ X<., ^- (x-m-e) -^(®«) - 

since the integrals from analytic functions are equal to zero. Calculating the integral by residue’s 
theorem and taking n —)■ cx), we arrive at (30) firstly for |A| > h, and by analytic continuation 
for all A. Lemma is proved. 

Taking A = Ani, 9 = Xij in (30) and multiplying by aij , we obtain 


X-9 


Tl{O-m))d^+4iP>^,0), 


+00 


x) I = 0. 


Symmetrically, one has 


+ CXD 


It follows from (33)-(34) that 


+ OD 

-^m,/j(^) -^m,/j(^) ^ ^ ^-^m,/co(^)-^/cO,/j(^) (^)-^/cl,/j (^)^ 0? (2^) 
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k=—oo 

We rewrite relations (35) and (36) in the matrix form 

H{x) - H{x) - H{x)H{x) = 0, H{x) - H{x) - H{x)H{x) = 0 

or (/ — H{x)){I + H{x)) = /, (/ + H{x)){I — H{x)) = I. Thus, we have proved the following 
assertion. 

Theorem 2. For each fixed x (x ^ 7 ^, k = 1,N ), the linear bounded operator I — H{x), 
acting from m to m, has the unique inverse operator, and the main equation (27) is uniquely 
solvable in m . 

The solution of Inverse problem 1 can be constructed by the following algorithm. 
Algorithm 1. Given the spectral data {Xk, ak}k^_^ of the problem L. 

1) Choose a model boundary value problem L, for example, with the zero potential. 

2 ) Construct \h^™'^(a;) and H{x). 

3) Solving the linear main equation (27), hud ^^"^^(a;), and then calculate (p 2 ,kj{x)- 

4) Construct Q{x) by (28), and a = a, fi = fi- 

4. Necessary and sufficient conditions for the solvability of the inverse problem. 

Theorem 3. For numbers {A^, ak}k=-oo^ Ofc 7 ^ 0 , Xk Xn , {k n), to be the spectral 
data for a certain problem L E W, it is necessary and sufficient that the following conditions 
hold 

1) (Asymptotics): There exists L E W such that (16) holds; 

2) (Condition S): For each fixed x ^ '^k-, k = l,N, the linear bounded operator I — H{x) 
has the unique inverse operator; 

3) {Bse{x) — se{x)B)\x — G L{wk+i/ 2 ), where as(x) is constructed by (29). 

Under these conditions the potential Q(x) is constructed by (28) and a = a , (3 = (3 . 

The necessity part of the theorem was proved above. Let us prove the sufficiency. Let 
numbers {Xk, given such that 7 ^ 0 and Xk Xn , {k n). Let L = 

L{Qujix),Q{x),0, l3) G hL be chosen such that (16) holds. Let (a;)} be the solution of 

the main equation (25). The following assertion is proved in [14]. 

Lemma 14. Consider the equations 


(/ + Ao)yo — /o, (/ + A)y — /, 


in a Banach space IB, where Ao,A are linear bounded operators, acting from 03 to 03, and I 
is the identity operator. Suppose that there exists the linear bounded operator Rq := (/ + Aq)”^. 
If \\A — Anjl < (2||i?o||)“^, then there exists the linear bounded operator R= (I + A)“^, and 
||7?|| <2||i?o||, ||i?-i?o|| <2||i?o|7l|A-Ao||. 

Lemma 15. The following relations hold 

< C., (37) 






(m) 


-\-oo 


1/2 


{x)\<c,Aen, en=[ 


\k=—oo 


(1+|A°-A0|)2(1 + |A0|)^ 


1 ^ ^ 


i(h.?’7))'i < 0(1+lAji) I € n„ i(i>r(i))' - (^r^))'! < OA, 16 o. 

Proof. Using (26), we infer 


(m> , 


,(™>/ 


(38) 

(39) 


H„i,kj(x) - llm,«(l(l)| < |0',i,t,K)l 7 - *ol < Olotlksk - *ol. € n_., 
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\\H{x) - H{xo)\\ <Ce ^ \aki\ik\x - Xo\<CeJ^\x - Xo\. 

k=—oo 

Choose (5o > 0 such that \\H{x) — H{xo)\\ < (2||i?(a;o)||)“^ for |a; — XqI^o ; where R{x) = 
(/ — H{x))~^. By lemma 14, ||-R(a;) — -R(a;o)|| < |-R(a;o)||Ce|a; — XqI, x G hlg. Therefore, the 
function f{x) = ||-R(a;)|| is continuous and bounded on hie. Then 

\\R{x)\\<Cs, \\R{x) - R{xo)\\ < Cs\x - Xo\, XEile, 

where the constant does not depend on x,Xo . Since {x) = it follows 

that ||4/^'"^(a;)|| < ||-R(a;)|| < C^. Thus, (37) is proved. 

Taking (25)-(26) into account, we obtain 


1 


kT’W - < E E1*17’WI £ c'. E 




+ OD 

E 

k=—oo j=0 


(m) . 


+ CXD 


\^kl I'C/c 


k=—oo 


1+ly - Asi 


and consequently. 


~ 2 

'riT’W-®i?’WI<CA E (l“<=il&(i + IA2l)) . 

k=—oo 


i.e. 


(38) holds. Estimates (39) are proved similarly. Lemma is proved. 
Construct the functions ip 2 ,ni{x) = ((pi 2 ,ni{x), (p 22 ,ni{x)] by the formula 


‘fm2,no{^) = ^ = 1, 2. (40) 


It follows from (40) and lemma 15 that 


< <^£(1 + < C'eCn(l + |A°|)™, 771 = 0, 1, (41) 


\^2,ni{x) - ^2,ni{x)\ < CeMn, |<^2,m(a^) -^2,ni(^)\ < (42) 

Lemma 16. The function Q(x), constructed by (28), is absolutely continuous on [0,7r]. 
Proof. In view of (41), the series in (29) converges uniformly on According to lemma 
15, the functions ip 2 ,ni{x) are continuous, and consequently, £e{x) is continuous on One 
has 

+ CXD 

se{x) = Ai{x) + A 2 {x), Ai{x) = ^ (oko - aki)^ 2 ,ko{^)T 2 ,koi^), 

k=—oo 

-\-oo 

A2{x) = aki(y2M^)Tlkoi^) - T2,kii^)Tlkiix)y 

k=—oo 

Taking (41) and (17) into account, we infer \{ako - aki)(p2,ko{x)‘fYi^)\ ^ \(^ki\f.kCe{l + |A^|). 
This yields that the series for Ai{x) converges uniformly on Og and A[{x) G L(0,7r). . Since 


{T2M^)Tlkoi^) - T2,kii^)Tlkiix)y = iT2,koi^) - T2,kiix))Tlkoi^) 

+T2,kiix){T2Mx)-T2M{x)f + T2,ko{x){T2,ko{x)-T2M{x)f + {T2Mx)-T2M{x))iTlkiix)y, 

it follows from (41) and (17) that \aki{^2,ko{x)ip2,koi^)~T2,kii^)T2M^^y'\ - +|Afc|)- 

This yields A^lyX) G L(0,7r). Thus, ae(a;) is absolutely continuous on [0,7r] and cb\x) G 
L(0,7r). Lemma is proved. 
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Let us now show that the given numbers {Xk}k^-oo eigenvalues of the constructed 
boundary value problem L{Q^{x), Q(x), 0, /3) . 

Lemma 17. The following relations hold 

<^T2,kj{x) = \kjT2,kj{x), i^j{x, A) = \^j{x, A), (43) 

$2(0,A) = \/2(0), l^i'^(0)$i(0,A) = l, \/i'^(/3)$i(7r,A) =0, Ai2(Afc) = 0. (44) 

Proof. 1) We construct <hj(a;, A) by (22). In view of (41)-(42), the series in (22) converges 
uniformly in . Moreover, differentiating (22) and taking (21) into account, we obtain 

H-OO 

<l>'j{x, A) = ^{x, A) + ^ {x, X)ako‘f 2 ^ko{x) - X)aki(p 2 ,ki{x)^ 


-\-oo 

- A)^2,fco(a^)afcoV^2,fco(a^) - A)^2,fci(a:)afciV92,fci(a:)), 


and consequently. 


($'(x, A))^ = ($'(x, A))^ - ^J{x, XMx) 


+ Y1 (^koi^^^Wo{T2,koix)f - Djfl{x,X)aki{^2^kiix)f 


This yields 


B^'Ax, A) + Q{x)^j{x, A)) = (<h'(x, A))^ + ^J{x, X)lQ(x) + as(x)B] + 


E (s 


'kO W’ 


2,fco(a^) + <5(a^)<^2,fco(a:)) --Dti(x, 


2,kl(^)+Q(^)T2,kl(^ 


Since Q(x) = Q(x) + B^(x) — ^(x)B , ^J(x, A)B(p 2 ,ni(x) = (x, A)(A — Ani) , it follows that 

H-cx) 

^J(x,X)Bae(x) = ^ (^3ll\x,X)(X - Xko)akoTl,ko(^) - 5^^(a;, A)(A - Xki)aki(plki(^)) , 


hence 


B^j(x, A) + Q(x)^j(x, X)) = f^Ux, A) + Q(x)^j(x, X)) 




Ac 


2 ko(^) + Q(x)T 2 ,ko(x) + (A - Xko)T 2 ,ko(x 


-Dl\\x,X)aki(^B(p2/.^(x) + Q(x)(f2,ki(^) + (X - Xki)(f2,ki(^)) )• 

Taking (22) into account, we calculate 

+ 00 y 

£^j(x, A) - X^j(x, X) = I Bio X)ako(^£T2,ko(x) - XkoT2,ko(x)^ 


-DkiiB 


2 ,kl(x) — Xkllf’ 2 ,kl(x) 
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Consider (45) for j = 2 and A = A„i : 


H-cx) 

k=—oo 





0 , 


where Zni{x) = i(p 2 ,ni{x) - Xni^ 2 ,ni{x), OI 

ZifM - Y. Hni.L,(x)ztf(x) = 0, (46) 

k,j 


where = (^Zm,no{x) - Zm,nl{x)^Xn, Zj^\x) = Zm,nl{x) , Zni{x) = {Zi^ni{x), Z2,ni{x))'^ , 

m = 1,2 . taking (41) into account, we get \z‘:j^\x)\ < C^il + |A°|) . Using (46) and (26), we 
infer 


l^Uwi < a 


+ 00 

E- 

k=—oo 


|Qfci|'Cfc(|A°| + 1) 
1 + l-^n ~ -^fcl 


<CeA, 


and consequently, {zj^\x)} G m. Equation (46) has only trivial solution, i.e. Z^\x) = 0, 
hence ii^ 2 ,ni{x) — \ni^ 2 ,niix) = 0. The second relation (43) follows now from (45). 

^ (2) 1 ^ ^ 

2) Since Dl- {x,X) = - --— det{(p 2 {x, \),ip 2 ,kj{x)), it follows that 

A — Xkj 




Using (22), we hnd <h2(0,A) = $ 2 ( 0 , A) = U2(0). Furthermore, taking j = 1 , a; = 0 in (22) 
and multiplying by Vi (0) , we calculate 


+00 


Ui^(0)$i(0,A) = Ui'^(0)$i(0,A)+ 


k=—oo 


-^io (O’ ^)(^koVi {d)^2,ko{d)—Dl‘^{0, X)akiVi (0)v92,fci(0) 


d>. 


Since Vl{d)^ 2 ,kM = U(^(0)U2(0) = 0, one gets Uf (0)<l>i(0, A) = Ui^(0)<l>i(0, A) = 1 . Thus, 
$ 2 ( 0 ;, A) = ip 2 {x,X) is a solution of (1) with the initial condition 992 ( 0 , A) = 1 / 2 ( 0 ). Then 
Ai 2 (A) = V^{/3)(p2{7i, X). Let us show that Ai 2 (A„o) = 0, i.e. {Anj^^oo are eigenvalues of 
L. For this purpose we take j = 2 , x = ti in (22) and multiply by Vi{ld). This yields 

+ 00 

Ai2(A) = Ai 2(A) + ^Zl^Q^(7r, A)aA:oAi2(Afeo) — T)|,^^(7r, A)afciAi2(AA:i)^, 


and consequently, 

+ 00 

Ai2(Ani) = Ai2(A„i) + ^T’m,fco(7J')/^12(Afco) ~ -Pm,fcl(7r)Ai2(AA:l)y (47) 

k = — OQ 

By dehnition A(A) = V'^{l3)(p{Ti,X) , then det A(A) = 1, or 

/^ii(A)A22(A) — Ai2 (A)A2 i(A) = 1. (48) 

Furthermore, {ip 2 {'^, X), (p 2 ,kj{'^)) = X)B(p 2 ,kj{'^)- Since V{/3)V'^{/3) = I, it follows that 

(^Lp2{7r,X), (p 2 ,kj{Tr)^ = (v'^{f3)(p2{7r,X)^ BV'^{f3)(p2{7r, Xkj) , and consequently, 

^ 992 ( 7 ’', A), (p2,kj{'x)^ = Ai2(A)A22(Aa; 9) — Ai2(Afc9)A22(A). 
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Thus, 


<’(ir.A) = 


A-A 


kj 


Ai2(A)A22(Afcj) — Ai2(Afcj)A22(A) 


(49) 


From (49) for n ^ k , we find 
5 f 


A„i — A 


fcl 


Ai2(Anl)A22(Afcl) — Ai2(Afci)A22(Anl) ) — 0- 


For n = k, one has Pni,ni(7r) = aniAi 2 (Ani)A 22 (Ani) , where Ai 2 (A) := A.Ai 2 (A). Since 
ttni = Res OJt(A) = -(Aii(A„i))(Ai 2 (Ani))"^ , it follows that Pni,ni(7r) = -Aii(Ani)A 22 (A„i) . 

A=Ani 

From (48) for A = A,ii we infer Pni,ni(7r) = — 1. Thus, 

Pnl,fcl(7J') ~ ^nk-i (^0) 

where 6nk is the Kronecker symbol. From (49) for A„o 7^ A^i one has 


PnO,kl(j^') 


Ofcl 


Ai2(Ano)A22(Afcl) — Ai2(Aa:i)A22(A„o) ) — O-kl 


Ai2 (A^o)A22(Afci) 

AnO Afci 


AnO Afci 

By virtue of (48), A 22 (Afci) = (Aii(Afci))"^ . Moreover, Pno,kiM = “1 ^no = hi ■ Thus, 

Ai2(A„o) 


PnO,fcl(^) 1 for AyiO Afci, PnO,fcl(^) 


Ai2(Afci)(A„o — Afci) 


for A„o 7^ Afci. (51) 


Consider the function Z{X) = (Ai 2 (A) — Ai 2 (A))(Ai 2 (A)) ^ . Since Qco{x) = Quj{x) , a = 
5 = 0, /9 = /9 = 0, it follows that Ai 2 (A)—Ai 2 (A) = hence |2’(A)| < 

^(0 


for \ G Gs- In particular, this yields 


'Id 


=R„ ^ ^ 


^ 0 as n —)■ cx). Calculating the integral 


by residue’s theorem, we obtain for n —)■ oo, 


H-oo 


Ai2(A) — Ai2(A) + 


Ai2(A) 


fc=-oo (A — Afci)Ai2(Afei) 

Putting A = A„o and taking (51) into account, we infer 

+ 00 


-Ai2(A 


fcl J 


Ai2(A„o) — Ai2(Ano) ~ PnO,fcl(7J')Ai2(Afcl). 

k=—oo 

Together with (47) and (50) this yields 

+ OD 

^ ^ -fn2,fco(^)^12('^/co) O7 


k=—oo 


and consequently, Ai 2 (Ano) = 0. Now we take j = 1 , x = n in (22) and multiply by V^{/3). 
Then 


-\-oo 


k=—oo 


Pi^(/3)4>i(7r, A) = R,^(/3)$i(7r, A) + (ni^^{ tt, \)ako^i2{\o) - {tt, \)aki^i2{\i) 


Furthemore, {tt, \) = -.— XjY BV^ {f3)(p2{7r, hi) or 


A-A 


fcl 




A-A 


fcl 


VYimih, A)A22(Afci) - VY (/9)4>i(7r, A)Ai2(Afci) , 
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hence, A) = 0. Thus, lAf^(/9)$i(7r, A) = Vi^(/9)$i(7r, A) = 0 , and all relations (44) are 

valid. Lemma 17 is proved. 

It remains to show that = Res 07t(A), where 07t(A) = I/2^(0)<hi(0, A). Taking in (22) 

X=\k 

j = 1 , X = 0 and multiplying by V^^(O), we obtain 


im(A) = im(A) + ^ [Di^^{0,\)akoV^{0)ip2MO)-Dl}^{0,\)akiV^{0)ip2MO))- (52) 

k=—oo 


Using lemma 17, we calculate V 2 = 14^(0)V 2 ( 0 ) = 1 . Since 


1^-^)-^‘7’2,fci(0), V^2,fcj(0) — 1 ^ 2 ( 0 ), 


it follows that Z1^^.^(0, A) = 


A Afcj 
1 


A-A 


kj 


Thus, (52) takes the form 


+ 00 


im(A) = im(A) + 


k=—oo 


dkO 




A — Afco A — A 


kl 


With the help of Lemma 6, this yields = Res 911(A). Theorem 3 is proved 

\=\k 
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